A moving-boundary problem modelling the two-dimensional isolation oxidation of silicon is analysed in the limit of reaction-controlled oxidation for a finite-length nitride mask. Encroachment under the mask caused by silicon oxidation then occurs from both sides to produce two 'bird's beaks', and it is the interaction between these beaks on which attention is focused. This effect, termed 'bird's beak punchthrough', is currently of interest in submicron silicon-isolation technologies.
Introduction
The local oxidation of silicon, commonly termed LOCOS, is a well-studied process in which oxide is selectively grown on part of the surface of a silicon wafer during the fabrication of an integrated circuit (see, for example, Ghandhi, 1983) . This selective oxidation is achieved by masking the parts of the silicon surface where devices will be formed with silicon nitride and then growing the oxide (known as the field oxide) by the thermal oxidation of the unmasked silicon, the nitride being impervious to the oxidant. Before the deposition of the nitride mask, a thin oxide (known as the pad oxide) is grown on the silicon in order to reduce the stresses that result from the different thermal-expansion coefficients of the silicon and the nitride. Since an oxidant is able to diffuse laterally under the mask through the pad oxide, the resulting oxide has a characteristic shape known as a 'bird's beak'. The relevant geometry is illustrated in Fig. 1 .
Previous work by King (1989a,b) treated the nitride mask as semi-infinite, which was then a reasonable assumption since the masks were sufficiently long for the lateral encroachment of the bird's beak to be small in comparison. Earlier work by several authors (for example, Bassous et al, 1976; Magdo & Bohg, 1978; Minegishi et al, 1981; Tamaki et al, 1981 Tamaki et al, , 1982 Tamaki et al, , 1983 Chin et al, 1983; Dutton, 1983; Wu et al, 1983; Poncet, 1985) gave 0-5-2-5 (xm as a typical range of values for the bird's beak length, with the mask length being in the range 3-10 u,m. Thus the oxidations occurring at the two ends of the mask (that is, the two bird's beaks) were considered to be independent of one another. However, with the ever increasing trend towards smaller geometries, the decrease in length of the nitride masks has meant that the length of encroachment of the bird's beak has become comparable to that of the mask. Lutze & Krusius (1991) , Roth et al. (1992) , Deleonibus & Kim (1993) , Deleonibus et al. ( , 1994 , Kenkare et al. (1994) , and Park et al. (1994) quote values of bird's beak lengths as small as 0-1-0-2 jim but with corresponding mask lengths as small as 0-4 p.m, which is well into the submicron range. Bird's beak punchthrough occurs when the bird's beak length approaches half of the mask length, and it has been investigated experimentally for submicron technology by Kenkare et al. (1994) . Thus, for submicron geometries, it becomes necessary to consider the interaction of two bird's beaks (one generated from each end of the mask) and thus to extend the results of King (1989a,b) to finite-length masks. This is the aim of the current paper. As in the work of King (1989a,b) , the most important goals of the modelling are the determination of conditions that minimize both the lateral oxidation under the mask and the oxidation-induced stresses; here we also consider the effect of the finite length of the nitride on the development of the moving boundaries.
We again study the model in the reaction-controlled limit, taking the mask to be sufficiently long (in a sense which is made more precise later) that slowly varying solutions are still applicable. As well as being physically relevant and mathematically tractable, the reaction-controlled limit is significant in that it produces the largest ratio of bird's beak length to field-oxide thickness and it is thus the regime in which bird's beak punchthrough is most likely.
The model takes the oxidant diffusion to be in a quasi-steady-state, the oxide to be an incompressible Newtonian fluid, and the nitride mask is treated as an elastica. The problem is assumed to be symmetric about the midpoint of the mask; that is, we consider the interaction of two bird's beaks each driven by the same conditions. Following King (1989a) In (1) and (2), \p and /I are the stream function and the Airy stress function of (2) the oxide, respectively, y = -/(*, t) is the oxide/silicon interface, y = h(x, t) is the oxide/gas interface, and y = r\(x, t) is the oxide/nitride interface. All three interfaces must be determined as part of the solution. The constants k, H, and F are, respectively, the nondimensional reaction coefficient, the gas-phase transport coefficient, and the nitride rigidity; 2/ is the nondimensional nitride-mask length, all the lengths being made dimensionless by the initial pad oxide thickness. The oxide occupies y times the volume of silicon from which it was formed (y « 2-25) and it is this volume expansion which drives the flow of the oxide. On x = / we have specified the appropriate symmetry conditions, which replace those in the semi-infinite case posed as x -> + °°. We are concerned with the behaviour of the oxide beneath the nitride mask and consider the case of reaction-controlled oxidation (that is, the limit k -* 0), for which we may take
where e «1 and K = 0(1). We find that the appropriate time scale is and we write the nondimensional nitride rigidity as
where R = 0(1), and we consider the cases n = 1, 2, and 3, which produce different balances in the flow problem. In Sections 2-5, we state the leading-order problems describing the slowly varying behaviour under the mask for the three different ranges of nitride rigidity. The method of derivation closely follows the semi-infinite nitride case discussed by King (1989b) , so the details are omitted. The boundary conditions on the slowly varying solutions which follow from matching into the mask-edge region (x = 0(1)) are identical to those for the semi-infinite mask. We analyse each of these slowly varying problems by a combination of asymptotic and numerical methods. Section 6 contains a brief discussion of the results, and in the Appendix we note some more general properties of an evolution equation which plays a central role in Section 3 and in the discussion by King (1989a,b) . /o = 0 at T = 0. .
The flow problem depends on the rigidity of the nitride which we must now consider separately for the three cases n = 1, 2, and 3.
3. Small rigidity (n = 1)
Formulation
In this case, the nitride is sufficiently flexible that its rigidity has little effect on the flow. We obtain the expansions
From (3)- (5) we thus obtain the following leading-order problem for the growth of the silicon/oxide interface (y = -f 0 ),
A numerical scheme to solve the governing equation in (6) is discussed by Evans (1992) , and the numerical solution is shown in Fig. 2 for L = 1 and 10 with K = 1. However, further analytical progress can be made for certain asymptotic limits which we now discuss. For small and large times, we can derive the following results
where, in the large-time result, the function a t (X) satisfies
, but it may be fully determined only by the numerical solution of (6); the result is given in Fig. 3 for L = 1 and 10. Note from (6) that so that a"(L) = K In K/-V; similarly so that a""(L) = -2K 2 /y, and so on for higher even derivatives. The fluid pressure satisfies
and it follows from (9) that this varies between -2(y -l)RK 2 e 2 /y and (y -1) X l22 3.2 The limit L-* oo 3.2.1 Prepunchthrough behaviour. We now discuss (6) in the physically relevant limit L-»», in which, for T = O(1), little interaction between the beaks occurs and we thus recover the variable-speed travelling-wave solution obtained by King (1989a,b) , which satisfies/b-»0 as A'-* +°°. The large-time behaviour of this travelling-wave solution is the moving parabola
which gives an asymptotic approximation for intermediate time (1« r < 5L 2 ), before the front X = (2r)* reaches the symmetry boundary X -L. We now examine the behaviour of the solution before and just after the front reaches the point X = L, that is, the initial interaction of the two beaks.
To consider the intermediate-time behaviour of (6) for L »1, we first introduce the rescalings T = S 2 r,
where S = 1/L and where, here and henceforth, F does not denote the nitride rigidity introduced earlier but rather a rescaled f 0 . Problem (6) then becomes
We consider the case T < \, first, before the moving front 7= (27*)* has reached the midpoint 7 = 1. The asymptotic structure of (12) in the limit S-»0 is then made up of the following three regions.
(i) Outer region I: 0 < 7 < (27)*.
We have
as S -» 0, and Matching into 7<(27")* requires r o~ (*/2-y)z 2 + o(z) as z-*-°°, which specifies r 0 uniquely; note that fl 0 exp (~K*Z) --floexp (-2^*2) + -yalexp (-3K^Z) as Z-+ + 00 for some constant a 0 , which may in principle be found by integrating (14).
(hi) Outer region II: (27")* < Y « 1. In this final region, F is exponentially small, with the leading-order behaviour
the full form of (15) 
The initial condition on (16) is imposed as T-*-<*>, and it takes the form of travelling waves moving inward from ±°o. The intermediate asymptotic behaviour of the beak-interaction problem is described by the large-time behaviour of (16) 
may be deduced from (17), where a, b, and c are unknown constants. To determine g numerically, we employed the following approach: we define G = 8 ~ \£ 2 an d. W rescaling, we take a = 1 in (18); we then shoot from £ = 0, iterating until at large g the term in G of 0(f 2 ) is negligible; the rescaling is then determined by requiring that G/$ has the limit 1 as f-> +°°. Figure 4 shows the results for g and its fourth derivative g"".
The significance of g"" is that the pressure satisfies as T -» +oo for f = 0(1). It is clear from (18), and it is evident in Fig. 4 , that g"" is singular as £-*0; in fact g""~2/i 2 asf-0. This singularity is smoothed off over an inner region for which 9 = 0(1) and T -* +0°, in which 
Aspects of the intermediate asymptotic behaviour (notably A^(Y)) thus remain relevant on longer time scales; indeed, in the large-time behaviour (7) we find that for Y = 0(1)
where a x is independent of 5 and is determined by the evolution of the leading-order solution for F from (12) 2 ) so the highest pressures are confined to the region close to Y = 1, being given by (20) . This contrasts significantly with the behaviour for more rigid masks (see Section 5 below in particular), and no corresponding phenomenon arises in the semi-infinite-mask case.
Intermediate rigidity (n = 2)
Intermediate rigidity (n = 2) provides the most complicated coupling between the concentration and flow problems, with the nitride rigidity having a significant effect on the flow. In X = O(l) we have 
/o, = 0 and Vo x =Vo xxx =Vo xxxxx =0 at X = L, = 0 and T> 0 = 1 at x = 0.
We shall not pursue the solution to (21) in detail. The small-time behaviour is similar to that derived by King (1989b) , while for large time we find that
where a 2 (X) and the constant b 2 must be determined numerically. The intermediate asymptotic behaviour for L »1 can be analysed in a similar manner to that discussed in Section 3.2. Numerical solutions are illustrated in Figs. 5 and 6, they exhibit a number of interesting features, notably the nonmonotonic behaviour of TJ O (0, r) and the oscillatory nature of the pressure profile for L = 10.
Large rigidity (n = 3)

Formulation
For large rigidity (n = 3), the nitride acts at leading order as if it were rigid, so that
the T dependence arises because, in contrast to a semi-infinite mask, the nitride is able to move upwards. To obtain the leading-order deflection of the nitride and the stress in the oxide we require the following expansions while for large x we have
where a^X) and the constant b 3 must again be determined numerically. 
The limit L-»°°5
.2.1 Prepunchthrough behaviour. As in the small-rigidity case (n = 1), we can examine asymptotically the intermediate time behaviour of the system (25) when L is large. As L-> «>, we again recover the travelling-wave solution obtained by King (1989a,b) , whose large-time behaviour is the moving parabola
This gives the asymptotic approximation for intermediate times (1« T < h.yL 2 ), before the front reaches the symmetry boundary X = L; we now again examine the behaviour before and just after the front reaches X = L. Even though the structure is similar to that given in Section 3.2, the analysis is worth pursuing because the resulting pressure exhibits some noteworthy features. The appropriate rescalings, with 8 = 1/L, are again given by (11) with
The asymptotic structure as 8 -*0 for T < \y splits into three regions, In this outer region F is exponentially small while, on writing w = 8~l(f>, we have so that where we have imposed the constraint that the total upward force on the nitride be zero.
From (31) note that this expression blows up as T-*\y\ that is, the nitride starts to lift up to a significant extent as the two beaks begin to interact. The fluid pressure is given by
It is noteworthy that in this case the pressure field differs substantially from that calculated for a semi-infinite mask well before the beaks themselves interact to any significant extent; for a semi-infinite mask the corresponding expression for the pressure (see King, 1989b) , namely, (9, t) . A first integral is available in the form (Vo As T -* +00, the solution to (33) takes the self-similar form where fi is a constant and £ = ?/f. For T = 0(1), with 7 > |-y, it then follows that, for all Y,F = 0(1), TJ 0 = O(5~2), and >v = 0(5 2 ) and a full balance of terms occurs in (25).
5.2.3
The pressure distribution. We are now in a position to discuss the time dependence of the pressure distribution. For T = 0(1) with T < \y we have:
Relatively large (and possibly damaging) stresses thus occur not only in the inner region but also beyond the beak in outer region II; this is in contrast to less rigid masks (n = 1) where the only one of these three regions with high stress is the inner region. For T = 0(1) we have in the beak-interaction region Y = 0(1), while p 0 is of 0(S 4 ) elsewhere. Finally, for T = 0(1) with T > \y, p 0 is of 0(S 4 ) for all Y. Hence, as the beaks interact to remove the region of rapid variation, the inner region, the peak pressure drops significantly over a short time.
Discussion
Notable among the quantities over which process engineers have some control are the pad oxide thickness (which determines e) and the nitride rigidity (determining n). The latter plays a significant role in determination of the time of punchthrough and of the stresses that are generated during the course of the oxidation. For small rigidities (n = 1) bird's beak punchthrough for L »1 occurs at T~ \L 2 , whereas for more rigid masks [n = 3) the extent of lateral encroachment is smaller and punchthrough occurs at a significantly later time T~ \yl?. While this aspect of high-rigidity masks is desirable, the stresses generated are substantially larger for n = 3 than for n = 1, and this is unwelcome because of, for example, the generation of dislocations. In the intermediate case (n = 2), the lateral extent of oxidation is similar to that for n = 3 but the stresses are smaller in the earlier stages; this may therefore represent an optimal range for the rigidity.
A somewhat surprising result from the large-T analysis is that the effective depth of the isolated region-as indicated by )^lnT (T (which follows from (7), (22), or (28))-continues to grow after punchthrough has occurred. However, the interface y = -/then becomes less and less planar in the active region (located around X = L), which is an undesirable effect.
A number of extensions to the results of this paper are possible. In particular, the external oxidant concentration can be varied, in which case the appropriate condition in (1) should be replaced by
where c*(t) is prescribed. One possible approach is to determine the optimal form for c*(t) in order to minimize the stresses generated. A valuable feature of the analytical aspects of the approach adopted here is that this optimization problem is comparatively straightforward. The case of a nonuniform pad oxide can also be analysed with similar objectives.
A.I Introduction
The purpose of this Appendix is to note the more general relevance of the equation as a limiting case of the Hele-Shaw problem with kinetic undercooling and to give a brief indication of some of its properties. The usual Hele-Shaw moving-boundary problem takes the form
V 2 p=0 i p=0 and V n = -*£ on T(t), on
where F(t) c d£2(t) denotes the moving boundary, whose outward normal velocity is V n . Under suction conditions (p < 0 in G(t)) this problem is known to be ill posed, and the following two physically based regularizations are then often adopted (for a discussion of such matters; see, for example, Howison, 1992) .
(i) Surface tension. The condition p = 0 on F(t) is replaced by p = <TK, where tr>0 is a constant, and K now denotes the curvature of the moving boundary.
(ii) kinetic undercooling. In this case the condition p = 0 on F(t) is replaced by p = crV n , where a is again some positive constant. The moving-boundary conditions can then be written in the form -=--and V n =--on F(t), (35) dn a dn which are equivalent to the boundary conditions given in (1). We now consider the case of a slender fluid region adjacent to an impermeable wall by writing F(t) as y = ef (x, t) , with e «1, and imposing -= 0 ony = 0. it can readily be found that
It is worth stressing the general applicability of (36), independently of the other free boundary condition; it is thus analogous to Reynolds equation from lubrication theory. Defining a = v/e, with v = 0(1), the second boundary condition on F(t) yields the following:
dxdtl Equation (37) has been extensively studied in the Hele-Shaw context (see, for example, Dupont et ai, 1993) . Equation (38) has the same status with respect to kinetic undercooling as (37) has to surface tension, but this does not seem to have been considered elsewhere. An equation of the form 2 dx\°dxdt results when both effects are operating.
A.2 Similarity solutions
Equation (34) where <P is an arbitrary function of t; as a special case note the time reversibility, whereby &(t) = -t (note that such properties are shared by the full Hele-Shaw problem with kinetic undercooling, in contrast to the surface-tension case which is not time reversible). Equation (34) thus admits similarity solutions of the forms:
z=x-<P(t);
(ii) f = where in each case <P(t) is an arbitrary function of t, x 0 being an arbitrary constant. If <P(t) # 0, the general solution of form (i) can be written as where a, /3, and y are arbitrary constants. This solution is exploited above. When a =0 the solution takes the form
where F o and Zo are arbitrary constants. Corresponding to $>(t) = 0we have the steady-state solution
where /J is an arbirary function of x.
Simple exact solutions of form (ii) include
which is a special case of (42), which is a special case of (41), and in each case a is an arbitrary constant. The similarity solution constructed numerically in Section 3.2.2 is also of form (ii), with 4>(r) = r; other solutions of this form arise in Section A.4 below.
A.3 Conservation laws
Here we seek to write (34) as a conservation law of the form
Equation (34) is already of this type, and it may also be rewritten as
Of more interest is the additional conservation law
A.4 Compactly supported solutions
If we seek solutions of (34) satisfying
say, and which conserve mass at the front x = s(r), then the local behaviour as jt-*s~(f) may take the form
for any a(t), provided that 5^0, and in order for a solution to (34) to be uniquely specified the quantity a(t) (which may be thought of as determining a contact angle) must be prescribed. In the contexts of interest here we typically in fact have f{x,t)->e as x-»+°°,
with f{x, 0) -e compactly supported and with 0 < c «1. In recovering solutions of the form (45) in the limit e -»0 it may be shown that the solution selected by the limiting process has the local behaviour
so that a(t) = 0 in (46). Henceforth we shall thus consider the class of compactly supported solutions which is selected via the limit e -> 0 in (47). Note that, in view of the time reversibility of (34), the front x = s(f) could in principle move in either direction; however, in the silicon-oxidation context we have c >0 in (1), so that /is an increasing function of t and hence s(t) > 0. For definiteness we shall now consider the case in which
where F(x) = 0 for x s* a (so that 5(0) = a) and
for some constant P o which we take to be positive. However, many of the results we shall note are local in nature and are more generally applicable. We define p(x, t) =f, (x, t) , so that
and then introduce P(x) =p(x, 0), which is determined by {FP X ) X = P, 1
the final condition in (50) is required in this context by conservation of mass. Now consider the case
F(x)~ a(a -x)
n asx-+a~, where a and n >0 are constants; then from (50) we find that as x-*aĨ n P' 1, 2 ", (a -xy<"-
2)f2
for n > 2, a\n -2) (51) P-pia-x) 9 forn =2, P~/3 for/j<2, where
and the constant /3 is proportional to P o and can in principle be determined from (50).
We may deduce from (51) and (52) that, for n > 2 and for n = 2, with a < J (so that q > 2), we have waiting-time behaviour (that is, s(t) = a for 0 *s / «£ f W) where the waiting-time t v is greater than zero); for small-times the expansion /~F(x) + P(x)r asr-»0 (53) is then valid right up to x = a. For n < 2 and for n = 2, with a>\, however, expansion (53) does not remain uniformly valid as x-*a~, and the interface immediately begins to move. We now classify the way in which it does this; note that a local analysis about a moving front indicates that, when i(r)>0, for a <x <s(t), we have simply f = For other values of a, g vv will be discontinuous at x = a, and it follows that for all t > 0
The fact that / can maintain discontinuities such as this is clear from (49), which implies that p is smoother than / at such a point. (ii) 0 < n < 2.
Here as t->0 and x-*a, we have f ~ a (a -x) n + fit ioTX<a, which may be written in the self-similar form the left-hand side of (34) being negligible, while / ~ £[(00* " (x ~ a)} 2 for a < x < a + (/3f)*, which is of the form f~tg( v ), v = (x-a)/A Again, /remains nonanalytic at x = a, which is consistent with (49).
We conclude by noting two other points.
(i) The similarity solution of Section 3.2.2 is more generally applicable to the local behaviour when two fronts collide.
(ii) It appears (cf. (54), and using time-reversal arguments) that the front can in fact move backwards only if F(x) = \(a -x) 2 over some finite range s c <x <a, and that the solution to (34) ceases to exist when s(t) reaches * c .
